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A partially ordered abelian group G is ultrasimplicial iff for every finite 
subset S of G+ there is an independent subset B of G+ such that the 
semigroup 8 generated by B contains S [6, Propositon 1; 4, pp. 5, 61. 
Elliott proved that ultrasimplicial groups include all totally ordered 
abelian groups, as well as all lattice-ordered abelian groups (I-groups) with 
at most a finite number of independent ideals 141. Other classes of 
ultrasimplicial groups are described in [6]. Interesting counterexamples are 
found in 111, 123. 
In the light of his classification [3], Elliott used the fact that each G c R 
is ultrasimplicial to give a concrete realization of the simple AF C*-algebra 
whose dimension range is isomorphic to G+, [4]. 
According to Handelman [6, p. 1131 it would be desirable to show that 
I-groups are ultrasimplicial. 
We prove that if an l-group G is generated (as an I-group) by two 
positive elements, then G is ultrasimplicial. We proceed as follows: By [ 10, 
4.161 it is sufficient to prove that the l-group M, of one-variable 
McNaughton functions [S] is ultrasimplicial. Now it turns out that for 
every finite SC MT, an independent B c MT with B 1 S is provided by 
suitable multiples of the Schauder hat functions [ 13, 141 for the partition 
of the unit interval [0, l] given by some Farey sequence sm, [7; 1, p. 1.551. 
Since by the main theorem of [S] McNaughton functions between 0 and 
1 are logical equivalence classes of sentences in the &-valued sentential 
calculus of tukasiewicz, our paper may be regarded as a contribution to a 
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problem posed by Mostowski [9, p. 51 and Dieudonne [2, p. 2391 concer- 
ning the applicability of many-valued logic outside mathematical logic. 
1. FAREY SEQUENCES, SCHAUDER, AND MCNAUCHTON FUNCTIONS 
Recall [7] that the Farey sequence Pm of order m is the ascending 
sequence of irreducible functions between 0 and 1 whose denominators do 
not exceed m. The numbers 0 and 1 are included in the forms a and t. For 
instance, P5 is 
In general, we display the terms of g,, as follows: 0 = t, < t, < ... < 
t n(m) = 1. 
Recall [ 14, 2.31 that the Schauder hat ,functions for Fm are the functions 




L,o(x) = ” 
0 
if XE [0, t,] 
otherwise 
x-t n(m)- I if x~Ct,,(,) I3 11 
h m,n(m,(X) = ’ - tn(m) l 
0 otherwise 
t n(m)-1 
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if XE [f,--,, t,] 
if XE Cl,, fi+,l 
otherwise 
whenever 1 <j < n(m) - 1. 
The basic hat functions 
dividing each I?,,~ by the 
h"m.o 7h",,, ?'..T h"nt,n(r?, for Pjj are obtained by 
denominator h, of the irreducible fraction 
tj = a,/b, E .Fm, where i = 0 ,..., n(m). Thus for example, we have: h,., = h,,,, 
~6.2 = h,& h”z,4 = h,,,P> h,, = h,.,P, k,,, = h,,,,. 
Following [ 10, 4.131 we say that a function ,f: [0, 1 ] -+ R’ is a 
McNaughton function over [0, 11 iff f is continuous and there are a finite 
number of distinct polynomials c( ,,..., a,,, each CC,= rix + q, with r,, q,E Z’, 
such that for every XE [0, l] there is ie { l,..., .F} obeyingf(x) = z,(x). (In 
his original definition [S], McNaughton also required that range 
(f) c [IO, 11). We let M, be the f-group of McNaughton functions over 
[0, 11, with pointwise l-group operations. 
Following [ 14, 2.3.11, a finite set N= {x,,,..., x,,} of real numbers with 
0 = x0 < x, < < x, = 1 is called a set of nodes for f E M, iff for each 
i = O,..., n - 1, the function ,fis linear (in the affine sense) on [Ix;, x,, ,I. 
1.1. LEMMA. (i ) Every ,f E M, has a finite set N qf rational nodes. 
(ii) Given a/hezn, let M,(a/b)= {f(a/b)ifEM1}. Then M,(a/b)= 
{Z/bIZEZ}. 
ProoJ (i) This is a direct consequence of the definition of M, [S, pp. 2 
and lo]. 
(ii) M,(a/b)= {(ra+qb)/bIr,qEZ} = {(a,b)z/bIzEZ}= {z/bIz~z}, 
by elementary arithmetic, since (a, b) = 1. 1 
1.2. LEMMA. Let a/b and at/b’ be two successive terms in 9$I. Let f be the 
restriction to [0, l] of the linear fimction g: R + R! given by g(a/b) = 0, 
g(a’/b’) = 1/b’. Then f E M, . The same conclusion holds for the restriction of 
the linear function k given by k(a’jb’) = 0, k(a/b) = l/b. 
ProoJ: We have g(x) = (bx - a)/(a’b - ah’). Now a’b - ah’ = I, as obser- 
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ved by Farey, Cauchy and others [7, Theorem 28; 1, p. 1561. The 
argument for k is similar. 1 
2. MAIN RESULTS 
2.1. PROPOSITION. (i) For each m > 1 the basic hat functions h,,O,..., 
ki7.“Cltl, for 9m form an independent set of McNaughton functions over [0, I]. 
(ii) ZffEM: andf has a.finite set of rational nodes N c Fm, then for 
some nonnegative integers co,..., c,(,, we have 
n(m) 
f= c cjEm,j. 
/=O 
Proof: (i) Suppose 0 = d,,h”m,0 + . + d,c,lK,,ncm,, with each d, an 
integer, or even a complex number. Then d, = 0, because i?*>, is the only 
basic hat function for Fm = {to,..., t,(,)} that does not vanish at t,. Thus the 
basic hat functions for Fm form an independent set. Recalling the definition 
of basic hat function, we have h”,%, E M, by Lemma 1.2. 
(ii) We can safely assume N = Fm. For each j= O,..., n(m) let ai/b, be the 
jth term of &, and let c, = b, f (a,/!,). By Lemma l.l(ii), cj E Z, and c, 3 0, 
since f E MT . The function g = cOhm,O + . . . + c,,(,,,)K~,,~,, equals f at each 
node a,/b,, and is linear on each interval [a,/b,, a, + ,/b, + ,I. Therefore 
g=f. I 
2.2. LEMMA. The l-group M, is ultrasimplicial. 
Proof: Assume S= {f,,..., f,} c MT, with the intent of finding an 
independent subset B of MT such that the semigroup generated by B con- 
tains S. For each i= l,..., q let N, be a finite set of rational nodes for fi, as 
given by Lemma 1.1(i). The set N = UiNi is a finite set of rational nodes for 
each ft. In other words, if we display N as O=x,<x, < ..* <x,.= 1, we 
have that each fin S is linear on [x,, xi+ ,] for all j = O,..., w - 1. Writing 
x.~ = a,lb, , with aj/bi an irreducible fraction (b, > 0), and letting 
m = max(b,,..., b,.) we see that N c Fm. A fortiori, if we display pm as 
0 = t, < t, < . . . < t,(,) = 1, then eachf,ES will be linear on [tk, t,, ,] for 
all k= O,..., n(m)- 1. Therefore, .f, satisfies the hypotheses of 
Proposition 2.l(ii), whence fi = cL~~,~ + ... + c;,,,K,,,,,,, for suitable non- 
negative integers cb,..., ci(,). Thus the semigroup generated by B = (Km,O,..., 
L”W) contains S. By Proposition 2.1 (i), B is an independent set of non- 
negative McNaughton functions over [0, 11, as required to complete the 
proof. 1 
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Recall that a subset X of an I-group G is said to generate G (as an l-group) 
iff no proper l-subgroup of G contains X. 
2.3. THEOREM. Every l-group G with two positive generators is ultrasim- 
plicial. 
Proof: Let { g, g’} c G+ generate G. The element u =g + g’ is a strong 
order-unit of G, [S]. Let 1: [0, l] + [0, l] be the function constantly 
equal to 1; let i: [0, 11 + [0, 11 be the identity function. Then 1, ifz MT. 
The map 1 F-P U, i++g extends to an l-homomorphism $ of M, into G, by 
[lo, 4.16(i)], noting that 0 dg<u. Since {u, g> generates G, $ is surjec- 
tive. Thus G is l-isomorphic to the quotient M,/J for some l-ideal J of M, . 
By [6, Theorem 3(ii)] the class of ultrasimplicial groups is closed under 
formation of quotients by order ideals. By Lemma 2.2, M, is ultrasim- 
plicial. Therefore, G is ultrasimplicial. 1 
More generally, if G is a partially ordered abelian group, a subset X of G 
is said to generate G (as a group) iff no proper subgroup of G contains A’. 
G is semi-closed (isolated, in [S]) iff g I# G + implies ng 4 G + for all positive 
integers n. In this case (and only in this case) G is o-embedded into the free 
l-group G, over G [ 15, 2.71. 
2.4. COROLLARY. If G is a semi-closed partially ordered abelian group 
with two positive generators, then there is u canonical o-embedding qf G into 
some ultrasimplicial grol4p. 
Proqf: Let $ : G + G, be the Weinberg o-embedding [ 15, 2.11. Let g, g’ 
be positive generators of G (as a group). Since $(G) generates G, (as an l- 
group), then $(g), $( g’) are positive generators of G, (as an l-group). Now 
apply Theorem 2.3. 1 
Nofr, added in prooI: Since this article was written, in his forthcoming paper “Farey stellar 
subdivisions, ultrasimplicial groups, and K,, of AF C*-algebras,” the author has proved that 
every abelian /-group is ultrasimplicial. 
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